LETTER

Communicated by Michael Shadlen

The Eff ect of Correlated Variability on the Accuracy of a
Population Code

L. F Abbott
Volen Center and Depart mentof Biology, Brandeis Univ ersity, Waltham, MA 02454-
9110,U.S.A.

Peter D ayanfJ
Departmentof Brain and Cognitiv e Sciences, Massachusdt s Institute of Techndogy,
Cambridge MA 02139,U.S.A.

We study the impact of correlated neuronal ! ring rate variability on the
accuracy with which an encoded quantity can be extracted from a pop-
ulation of neurons. Contrary to widespread belief, correlations in the
variabilities of neuronal ! ring ratesdo not, in general,limit the increase
in coding accuracy provided by using large populations of encoding neu-
rons. Furthermore, in some cases, but not all, correlations improve the
accuracy of a population code.

1 Introduction

In popul ation coding schemes the activitiesof a number of neurons jointly
encode the value of a quantity. A frequently touted advantage of popula-
tion coding isthat it suppressesthe effects of neuronal variability. The ob-
servation of correlati ons in the trial-to-tri al ! uctuations of simultaneously
recorded neurons (Gawne & Richmond, 193; Zohary, Shadlen, & New-
some, 1994 Lee, Port, Kruse, & Georgopoulos,1998) has raised some doubt
as to whether this advantage is actually realized in real nervous systems.
The dramatic effects of correlated variabil ity can be seenby examining its
impact on the average of N neuronal " ring rates. When the ! uctuations of
indivi dual neurons about their mean rates are uncorrelated, the variance
of the average decreaseslike 1=N for large N. In contrast, correlated ! uc-
tuations cause the vari ance of the averageto approach a" xed limit as the
number of neurons increases While ill ustrative, this example is not con-
clusive because the value of an encoded quantity can be extracted from a
populatio n of neurons by methods that do not require averaging their " r-
ing rates. Statementsin the literature suggest that correlated vari ability can
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either decreaseor increase (Snippe & Koenderink, 192; Shadlen & New-
some, 199%; Shadlen, Britten, N ewsome, & Mov shon, 1996 Reike, Warland,
de Ruyter van Stevenick, & Bialek, 199%; Oram, Foldiak, Perett, & Sengpiel,
1998; Leeetal., 1998)the acauracy of a populatio n code. The purp oseof this
article isto clarify this situation by addressing two questions: (1) Does cor-
relation necessaily increaseor decreas the acauracy with whi ch the value
of an encoded quantity can be extracted from a population of N neurons?
(2) Doesthis acauracy approach a" xed limit asN increaes?

This issue of correlated vari ability was" rstaddressed by Jahnson (1980b),
who discussd circumstancesunder which correlatio n is either helpful or
harmful for discrimination. Snippeand Koenderink (199) studi ed the effect
of correlated variability on optimal linear discrimination and also found
some cases in which correlation improved discrimination and others in
whic h discriminatio n was degraded by correlation. We wil | study the effects
of correlation on populatio n coding acauracy by comp uting the Fisher infor-
mation (Cox & Hinckley, 1974;Paradiso, 1988;Seung & Sompolinsky, 1998).
The inverse of the Fisher information is the minim um averaged squared er-
ror for any unbiased edimator of an encoded variable. It thus setsalimit on
the acauracy with whic h a popul ation code can be read out by an unbiased
decoding method.

Two simple examplesillustrate the subtletiesinvolved in analyzing the
effects of correlation. Consider a se of N neurons with "ring ratesr;, for

correl ated variabil ities so that

C A LE U
JiAfilLpAf/ D12 {CclA/ | (11)

with correl ation coef’ cient csdisfying 0 & c< 1. The angle brackets on the
left side of this equation denote an average over trials,and +; D 1 for all i
while;DOIf i B j. In this case, the variance of the average of the rates,

— 1N
RD — 1 (1.2)
N ip1
is
1 2
2. ¢ A )
12D <l1ceNAL]: (1.3)

This il lustrates two negative effects of correlatio n. For " xed N, the variance
increasesas a function of the degree of correlation c, and beyond N !

1=c the variance approaches a " xed limit 12 | ¢! 2, asdiscussed in the
opening paragraph. Correlation among the activiti es of neurons in area
MT of monkeys that are viewi ng moving random dot displays has been
edimated at about ¢ D 0:1 A 0:2 (Zohary et al., 199; Shadlen et al., 199%).
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This has led to the suggestion that coding accuracy will not improve for
populatio ns of more than about 100 neurons (Shadlen & Newsome, 1994).

The second example may seema bit contri ved but is neverthelessill us-
trative. Consider the sign-alternating sum

(I,
R — Al'r: (14)
N iD1

The variance of this quantity (for even N) is

2
15D !W.lAd: 15)
For this variable, positive correlatio n always decreasesthe vari ance,and the
variance isproportional to 1=N whether or not correlation is present.

One reasonto think that correlation need not always be harmful is that
it generally reduces the entropy of the variability in a neural population,
suggesting that it should therefore increase the acauracy of a popul ation
code. Our results on popul ation coding generally concur with this entro py
analysis. For the caseswe consider, the lower limit on the averaged squared
decoding error provided by the Fisher information is proporti onal to 1=N
for large N, similar to the behavior of equation 1.5 not equation 1.3. For
additi ve or mul tipli cative noise wi th uniform correlations, the dependence
on the degree of correlation c also resembles that of equation 1.5, and thus
correlation im proves populatio n coding acauracy. We also consider correla-
tions of limited range for whic h coding accuracy candisplay both increasing
and decreasng behavior (Snippe & Koenderink, 199).

2 The M odel

We consider a popul ation code in which N neurons respond to a stimulus
with " ring ratesthat depend on avariable x that parameterizes some stim-
ulus attribute (Johnson, 1980ab; Georgopoulos, Schwartz, & Kettner, 1986
Paradiso, 1988; Baldi & Heiligenberg, 1983; Snippe & Koenderink, 1992
Seung & Sompolinsky, 1998; Salinas & Abbott, 194; Snip pe, 1996 Sanger,
199%). The activity of neuron i, averaged over trials that use the stimulus x,
is fi.x/, and its activity on any given trial is

riD fi.x/ C «: (21)

We interpret this asthe number of spikes " red by the neuron over a" xed
tim e period. We do not discuss encoding that inv olves the " ne-scake tem-

generated from a gaussian probability distribution with zero mean and co-
variance matrix Q.x/. We consider three different models of variability. In
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the additive noisemodel (Johnsm, 1980b), the covari ance matrix isidentic al
to equation 1.1

QjjD ! ?[f Cc.l1A %/]: (22)

For multi plicati ve noise, the variability in the " ring rate isstill described by
equation 2.1, but the covariancematrix isscaled by the average" ring rates,

Qij.x/ D ! %[ C c. 1A £/1fi.x/ fj.x/ : (2.3)

This producesvariancesthat increase as a functi on of " ring rate and larger
correl ationsfor neuronswith overlapping tuning curv es, as seenin the data
(Lee et al., 1998). We also consider a model in whic h the correlatio ns can
have an even more dramatic dependence on the distance between tuning
curves. This is the limited-range correlation model (Snip pe & Koenderink,
1992), wi th the correlation matrix wri tten as

QD 1 2t Al (2.4)

where the parameter” (with 0< " < 1) determines the range of the correla-
tions between different neurons in the popul ation. The parameter" can be
expressedin terms of a correlation length L by wr iting

" D exp.Al =L/; (2.5)

where 1 is the spacing between the peaks of adjacenttuning curves.

We use the notation Q to denote the matrix with elements Q;, and r
and f.x/ to denote the vectors of "ring rates with elements r; and fi.x/,
respectively. In the additi ve and limited-range cases,Q doesnot depend on
x, whil e for multip li cative noise it does

The average " ring ratesf.x/ are the tuning curv es of the neuronsin the
population. Weim agine that the tuni ng curves arearrangedto cover arange
of x values, wi th different tuning curv es localized to different ranges of x.
Weassume that the coverageisdense and roughly uniform (we de" ne these
terms below), but otherwise leave the exact hature of these tuning curves
relatively unrestri cted.

3 Fisher Information

The Fisher inf ormati on provi desa useful measure of the acauracy of a pop-
ulatio n code. Through the Cramer-Raobound, the Fisherinformation limits
the acauracy with whic h any unbiased decoding scheme can extract an es-
tim ate of an encoded quantity from the activity of a populatio n of neurons.
The average value of an unbiased edimate is equa to the true value, x, of
the encoded quantity, but the esimate wil | typi cally differ from x on atrial-
to-trial basis.For an unbiased estimate, the average squared decoding error
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is equal to the variance of these trial-to-tri al deviati ons. The Cramer-Rao
bound states that the average squared decoding error for an unbiased esti-
mateis greater than or equal to 1=lg.x/, where Ig. x/ is the Fisher infor mation.
Although in some cases, an biased decoding scheme may outp erform a bi-
ased method, no biased estimate can do better than the Cramer-Rao lower
bound. To compute the Fisher information, we need to know the condi-
tional probability distributio n P[r|x], whi ch determines the probability that
a given responser is evoked by the stimul us x. The Fisher information is
givenin termsof P[r|x] by

z

2
i I
le.x/ D A drP[rIx]dLP[rlX]:

> (31)

The maximum likelihood estimator, whi ch choosesfor an egimate the
value of x that maximizes P[r|x], asymptoti cally satur ates the Cramer-Rao
bound asN ! 1 . Thus, the bound sets a realizable limit, making it a
good measure of the accuracy of a populatio n code (seeParadiso, 1983; Se-
ung & Sompolinsky, 199; and Pouget, Zhang, Deneve, & Latham, 1998, for
discussions of the use of maximum likeli hood (ML) techniques and Fisher
information for population codes in the absence of correlation). The psy-
chophysical measure of discriminabil ity d®that quanti” eshow accaurately
discriminatio ns can be made between two slightly different values x and
x C 1 x basal on r is related to the Fisher information by the formula

P
D 1x Igx/: (32

The larger the Fisher information, the better the discriminabil ity and the
smaller the mini mum unbiased decoding error.
When the random « terms are generated from a gausdan probability
distributio n as discussed above,
1 H 1 ; :
P[rlx] D p—===6€exp A—[r A f.x/]TQAl.x/[r A fX/] ; (33)
2#/N det Q. x/ 2

where T stands for the transpose operation. This equation does not give
zero probability for negative " ring rates,but we assume that the meansand
variancesare such that this hasasmall effect. Substituting equation 3.3into
equation 3.1, we " nd (see,for example, Kay, 1998),

) 1 h ) ) i
le.x/ D fOx/TQAL.x/f0x/ C ST Qox/QAL.x/Qo%x/IQAL.x/ (34)

where Tr stands for the trace operation,

dQ.x/ df.x/

0 0

XD —— and f°x/ D —: 35
QX dx X dx (35)
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When Q isindependent of x, asit is for additive noise and limited-range
correl ations, thisreducesto

le.x/ D fOx/TQAL O/ : (3.6)

Equations 3.4 and 3.6are the bags for all our results. To apply them, we
need the inversesof the covari ancematri ces,whi ch are, in the additi ve case,

.NcC1lAdAc

[*; 0 I21Ad.NcC 1A d (37)
in the multip li cative case,
; Ncc1AdAc
[Q*.xl D x/f,_;/l 21K Jd.NCCIAd (38)
and in the case of correlations wi th limited range,
; 1icrz B !
[QAl]ij D T21A 2 H A — 1c2 tic1;j C KAz (3.9)

4 Results

4.1 Additive Noise. The Fisherinformation in the additi ve caseis com-
puted by substituting the correlatio n matrix (2.2)into equati on 3.6and doing
the necessary algebra. The result depends on two sums,

| !
. ' 2
1X A 1 X
Fi.x/ D — fi°.x/¢2 and Fo.xD = fox/ (4.)
N N

These have been scaled to be of order one for the caseof uniform tuning
curve placement. In terms of these quantities,

cN2[F1.x/ A Fo.x/] € .1A dNFy.x/

lp.x/ D - - 4.2
F.X 121Ad.NcC1Ad (4.2)
As N tends to in" nity,
N[Fi.x/ A Fo.x/
eyt NFLX AR (43)

121Ad ’

whic h grows with N and c provided that F1.x/ A Fo.x/ > 0.Note that asde
from the factor of F1.x/ A F2.x/, the inv erse of this expression matches the
variance of equation 1.5. For large N, a uniform array of tuning curves
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should generate functions F1.x/ and F,.x/ that are insendtiv e to the values
of either x or N (indeed, this is our de" nition of unif orm tuning curve
placement). Tuning curv e arrays that are symmetricwi th respectto the sign
lipx! Ax(thatis, for every neuron with tuning curve f.x/ there is another
neuron with tuning curve f.Ax/) have F.x/ D 0.

In the additiv e noise case,the inverse of the Fisher information, whi ch
determines the minimum unbiased decoding error, decreasesas 1=N for
large N, and also decreasesas a function of c, the degree of correlation.
The Fisher infor mation diverges, and the minimal error goesto zero as c
approachesone.Asc! 1, any dlight differencein the tuning curvescan be
exploited to calculate the noise exadly and remove it.

In their article in this issue, Zhang and Sejnowski note an interesting
scaling property of the Fisher information that also appearsin our results.
They considered the simultaneous encoding of D vari ables by a popul ation
of neurons and studi ed the effect of changing tuning curvewidth on encod-
ing acauracy. If the wi dths of the tuning curves of the encoding popul ation
are scaled by a parameter w, we expect F; to scale like wPA2. The factor of
wP rel eds the number of responding neurons, whil e the factor w”? is due
to the squared derivati ve. For simplicity, we take F» D 0. Then the Fisher
information satis" eslg / NwPA2=l 2in agreement with the results of Zhang
and Sejnowski.

The Fisher information we have computed increasesas a function of c
and N unless F1.x/AF,.x/ D 0or F1.x/AF,.x/! Ofor large N. By the Cauchy-
Schwartz inequality, F1.x/ (i F2.x/. For large N, F1.x/ AF2.x/ could go to
zero if both F1.x/! Oand F2.x/! 0.Wede" nethe tuni ng curv ecoverage as
being dense if F1.x/ b 0for any x, since thisimpliesthat asmore neurons
are added, a " xed fraction respond signi" cantly to x. By the conditi on for
equality in the Cauchy-Schwartz inequality, the other alternative, F1.x/ D
Fo.x/, requires fi°. x/ to be independent of i or, equivalently,

fi.x/ D p.x/ C g 44)

for any function p and numbers q;. Thus, the Fisher information will fail
to grow asa function of cand N only if there is an additive separation of
dependency between the value x and the index i. This meansthat correl ation
isharmful only when all the neurons share the same tuning dependenceon
x. This is not normally the case since neurons almost always have some
variability in their stimulus preferences. Of course, we must assume that
the mechanism that reads out the encoded quantity takes advantage of this
variabil ity and doesnot simply perform an averaging operation.

4.2 MultiplicativeNoise. When Q.x/ isgivenby equation 2.3 the Fisher
information de" ned by equation 3.4depends on the logarithm ic derivativ es
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of the average " ring-rate tuning curv es

1 dfi.x/ _ din fi.x/

Ox/ D 45
9D 15 Tax o (45)
In particular, it depends on the sums
1X A 1 X
Gux/ D — ﬁw% and GpxD — dg'x (4.6)
N N
and isgiven by
lX/DcN%GLwAcbxﬂc.lAdNel
F I21Ad.NcC 1A d
CH@cZAdCZNlAdﬂGLﬂAc%FGzﬂ. @7
.1Ad.NcC1lAd ' '
For large N, this approachesthe limit
N[G1.x/ A Ga.x/] _ N[.2A dG1.x/ A cGp. X/
Ie.x/ | [Cy 2 X1 o NI = G, (4.8)

121Ad 1Ad

The Fisher information for multi plicative noise contains one term that
depends on the noise variance ! 2 and another term that, surprisingly, is
independent of ! 2. This secand term arises because, with multi plicative
noise, the encoded variable can be estimated from secnd-order quantiti es,
not merely from measurements of the " ring rates themselves.

The Fisher information of equation 4.8 is proportional to N and is an
increasing function of c provi ded that G1.x/ > G2.x/. Since G1.x/ U G,.x/ by
the Cauchy-Schwartz inequality, the only way to modify this behavior is
if G1.x/ D Gg.x/. This conditi on holds only if g’.x/ is independent of i or,
equivalently, if

fi.xI D p.x/Ig Cr.x/ Cs (4.9)

for any functions pand r and numbers g and s. This ismulti plicative sepa-
rability rather than the additi ve separability of equation 4.4.As in the case
of additive noise,the Fisherinfor mation with multi plicative noiseincreases
with correlation and grows linearly with N unless a contrived set of tuning

curvesisused.

4.3 Limited-Range Correlations. In both of the caseswe have studied
thus far, the acauracy of the populatio n code, quanti" ed by the Fisher in-
formation, increases as a function of both N and c. Although the linear
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dependenceof the Fisher infor mation on N appears quite general, there are
casesin which introducing correlation decreasesrather than increaseslg
(Jahnson, 198M; Snippe & Koenderink, 1992). One exampleis provi ded by
the limited-r ange correlati ons described by the matrix of equation 24. The
Fisher information for thiscase is

N.1A"/F.x/ _ NMAZD Ey 5/

lFX D —Z ey 121A"2 °

(4.10)

where F1 is asgiven above, D is the num ber of encoded variables,and (pro-
vided that x isaway from the edgesof the range covered by the popul ation
tuning curves),

2 /:\lx\l A A ¢2
Fs.x/ D N#P . x A £0x/ (4.1)

iD1

The power of N in the de" nitio n F3.x/ ischosensothat it isindep endent of
N for unif orm tuning curve coverage.AsN getslarge, the distance between
neighboring tuni ng curves decreasesas N ¥ and the difference between
their derivatives is proportional to this factor.

For a" xed value of N, the Fisher information in equation 4.10is a non-
monotoni cfunction of the parameter” that determinesthe range and degree
of the correlations. The " rst term in equation 4.10is a decreasng functi on
of " and henceof L, the correlation length introduced in equation 2.5, while
the secand term hasthe opposite dependence.For a” xed N value, the " rst
term dominatesfor small L, and the secand dominates for large L.

For any " nite value of D, the " rstterm in equation 4.10wil | dominate for
large N,soasN ! 1,

N.1A"/F.x/

|
eX =y

(4.12)

N ote that this limit is approached more rapidly for small D than for large
D. The expression in equation 4.12is a decreasng function of ", so in this
case,unlike the additi ve and multi plicati ve casesincreasing correlation de-
creasesthe Fisher infor mation. However, the Fisher info rmation still grows
linearly with N for any " < 1. The only way to prevent the Fisher informa-
tion from growi ng with N is to force" nearerand nearer to 1lasN ! 1 .
For example, if " D N for 0 < ¢ < 1, the Fisher information tends to a
constantasN ! 1.

5 Discussion

We have studied how correlatio ns between the activities of neurons within
a coding populatio n affect the accuracy with which an encoded quantity
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can be determined or discriminated (Jchnson, 198M). We " nd that, generi-
cally, correlations between uni ts do not prevent the Fisherinformati on from
growing linearly wi th the num ber of encoding neurons, and correlatio nscan
either improve or degrade decoding acauracy depending on the form of the
correlation matrix. Only in the limit asthe correlations get very closeto 1
canthis behavior change in some circum stances Sinceour results are based
on the Fisherinfor mation, they apply only to unbiased estimates However,
biased estimateswould presumably be used only to improveacauracy fur-
ther, and thus the increasein accuracy with N would not be destroyed by
using a biased edimate. Thus, optimal popul ation-based esimates do not
suffer from the limitatio nsthat correlation im poseson edi mates of average
" ring rates. Although averaging can be usedto obtain more accurate " ring-
rate edimates from a group of neurons, it does not improv ethe acauracy of
apopul ation decoding procedure.

There are nevertheless posdble lacunae in our analysis. We considered
only relativ ely simplenoisemodels. Wealso used noisewi th gaussian statis-
tics. Poissonnoisewo uld bean obvio us alternative and would entail slightly
different calculations. Finally, we did not consider the computational com-
plexity or biological implementation of the optimal decoding algorithms,
although a good point of departure woul d be the work of Pouget et al.
(1998) showing how to perform ML inference using arecurrent networ k in
the case wi thout correlati ons. Correlations could make the im plementation
of an optim al decoding pro cedure more dif" cult.

The most relevant requirem ent for retaining the im proved acauracy pro-
vided by large popul ations of encoding neurons is that the neurons should
hav e different selectivitiesto the quantity they are jointly encoding. In par-
ticular, their tuning curv es must not be additivel y or multi plicatively sep-
arable. Tuning functio ns that are commonly adopted in modeling wor k
and seen in biological systems do not appear to have these problematic
features.
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