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Noise canhave a signibcanimpacton the responsalynamicsof a nonlinearsystem.For neuronsthe
primaty sourceof noisecomesfrom backgroundsynapticinput activity. If thisis approximatedaswhite
noise, the amplitudeof the modulationof the Pring rate in responseo an input currentoscillating at
frequeny w decreaseas1/\/w andlagstheinputby 45° in phase.However, if Plteringdueto realistic
synapticdynamicsis included,the bring rateis modulatedby a bnite amountevenin the limit @ — «
andthe phaseag is eliminated. Thus,throughits effecton noiseinputs, realistic synapticdynamicscan
ensureunlaggedneuronalresponses$o high-frequeng inputs.
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Neuronsin cortical and other neural circuits receve a
continuousbarrageof synapticinput thatactsasa source
of noise and makes neuronalresponsesighly variable
(see.e.g.,[1]). Noiseinputscanalsoaffectotherneuronal
responsecharacteristic§2b7]. Knight [6] and Gerstner
[7] have showvn that noise can simplify the dynamicsof
neuronalbring rates, and that, for sometypesof noise,
the bpring rateof a neuroncanreplicatethe time courseof
an input current,no matterhow rapidly it varies. This is
rather surprisingbecausehe membranecapacitanceand
resistancef a neuronactasa low-passplter on the input
current. While intriguing, theseresultsare not basedon
realistic modelsof the backgroundsynapticinput that a
neuronreceves,but rely insteadon simplernoisemodels.
Yet theseanalysesandthe resultsrepoted belov make it
clearthatthe responselynamicsaresensitve to detailsof
the noise model. Here, using a combinationof analytic
and computationatechniqueswe examinehow synaptic
input modeledafter that receved by a cortical neuronin
vivo affectstheresponseharacteristicef amodelneuron.

The integrate-and-Premodel we use in this analysis
representghe electrical propeties of the neuronby par-
allel resistor(R) andcapacitor(C) elementg8]. Thebasic
equationdeterminingthe potentialV acrosshe cell mem-
braneis

dv |
dt -
where 7, is the time constantof the RC circuit, Ve iS
the equilibrium or resting potentialin the absenceof in-
put, and! representshe sumof all inputsto the neuron.
Action potentialsaregeneratedn the modelwheneer the
membrangotentialreachesthresholdvalue,Vy,. At this
point, the membranepotentialis resetto a value Vie.
In our analysis,the neuralresponseas specibecby a pr-
ing rater (t), which is the probability density for action
potentialsto occurat time t. To probethe responsedy-
namicsof the integrate-and-brenodelin the presenceof
noise,we expressthetotal currentasthe sumof inputand
noiseterms,| ! I, + lLoise, @andconsiderthe caseof an
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oscillatinginputcurrent,l;, ! Iy + |1 codwt). | i rEP-
resentghe combinedeffect of large numbersof excitatory
andinhibitory synapticdnputs. Biological synapsemodify
the conductancesf their neuronalargetsratherthansim-
ply injecting current. We have performedsimulationsthat
include synapticeffectson conductanceand bPnd no ap-
preciabledifferencesfrom the resultsrepoted hereusing
the more analytically tractableapproximationof synaptic
currents.

We characterizehe bring rate by its time average,ry,
and by the amplitudeand phaseof its Fourier transform
at the frequeny w, ri(w), and ¢(w). This is equiva
lent to approximating the bring rate as r(t) ! ro +
ri(w)cojwt + ¢(w)]. Provided that ri(w) = ry, the
bring rate is well bt by this expression,except nearthe
resonancethatoccurat low noiselevels.

Knight [6] shawved that, in the absenceof noise, the
bringratesof integrate-and-braeuronglisplayresonances
when w /27 is an integer multiple of ry. Thesedistort
the responseof the systemrelative to the input. Knight
alsocomputedhe pring ratefor a simplipednoisemodel,
basednchoosingarandomthresholdafter eachspike, and
shavedthatnoisedecreasethe sizeof, or eliminated the
resonanpeaks.For somenoiseconditions,Knight found
thatr(w) was independentf frequeny and ¢(w) ! 0.
Gerstner[7] obtainedrelatedresultsin a more general
formulation.

The noiseinput we analyzeis generatedy action po-
tentialscarriedby thousandof afferentbbers,andit can
be modeledas a high-rate Poissonprocess. Becauseof
the high rate, this is well approximatedby a Gaussian
white-noisesource.Synapsesransmitinput action poten-
tialswith avery rapidrisetime but aslowerexponentialde-
caywith atime constantr,. This hastheeffectof low-pass
plteringthe input noise. Thus, we write

di noise |

™ Tt

wheren(t) is a Gaussiawhite-noiserandomvariablesat-
isfying (»(t)) ! 0and(n(t)nt))! o286t — t')r,. We

n(t) —

Inoise B
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usetheparametewr-, whichis in mV units,to characterize
the amplitudeof the noise.

Whenrt, ! 0 (white noise),the probability densityfor
themembranegootentialof the neuronattimet, P(V,1t), is
describedby the Fokker-Planckequation(see,e.g.,[9]),

P o? 9%P 0
— 1l —— 4+ — [V = 1,(t) = Ve P
ot 2 9V2 av[ ® est]

Tm
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The bring rate is propotional to the Bux dP(V,t)/oV

when an absorbingbounday conditionis imposedat the
pring thresholdVy,,

o PV,

r)! )
®) 2Tm oV VI Vg

with P(Vy,t) ! 0. ThisBuxis returnedattheresetpoten-

tial so,in thelimit € — 0, P(Vieset — €,1) ! P(Vreset +
e,t) and
IP(V, )"V Vewte o ()7
WV VI Vew—e o

Thetime-independergolutionof Eq. (1) for constantnput
(I ' 0) hasbeenknown for along time (see,e.qg.,[10]).
More recently methodswere introducedin [11] that can
be usedto determinethe solutionfor an oscillatinginput,
lin ! 1o + 1 coqdwt), whenl; /Iy is small. Theresultof
this calculationis

i$(w) | Fol
fi{w)e ' 0'('1 +iowmy) |
S ) - Sy e) o
U(Yt,w) - U(YM(U) ’
where Yt ! (Vth - I() - Vrest)/o'a Yr ! (Vreset - IO -

Vwest)/o, and U is given in terms of combinationsof
hypegeometricfunctions[12]
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Resultsof the analytic computationfor 7, ! 0 areil-

lustratedin Fig. 1. Theseare exact only in the limit

I/l — 0. To explore larger I,/1, we determinedthe
modulationamplitudeand phaseof the bring rate of an
integrate-andere neuronby computersimulation. There-

sults,showvn in Fig. 1, indicatethatthe analyticexpression
holdsto a high degreeof accurag over the entirerangeof

I, for which the bring rateremainsin the interval [0, 2r]

(when the modulationbecomedarger and the bring rate
becomeszeroin a patt of the cycle the dynamicsof the
model changeconsiderably).
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FIG. 1. Responsamplitudeandphasefor 7, ! 0. Solid lines
indicate the analytical predictions[Eg. (2)] and symbolsrep-
resentsimulation results. Throughoutwe use 7, ! 20 ms,
Vi ! =54 mV, Ve ! —60 mV, andV,,; ! —74 mV. The
valueof ¢ is indicatedin thelegendof eachpanel. For the simu-
lations, |;, was adjustedso thatr; ! ro with the value of ry
given in the legend. This correspondso an input regime where
I1/lo is no longer small. Modulation amplitudes(left panels)
arerepotedasr(w)/r{(0.1), i.e., normalizedto the amplitude
for 0.1 Hz.

Severalfeaturesareapparenfrom boththe analyticand
simulationresultsfor 7, ! 0. As foundin [6], the am-
plitude of the responsemodulationfor low-noise levels
(o' 1 mV; upperpanelsof Fig. 1) peaksat input fre-
guenciegthat are integer multiples of r,. The resonance
peaksbecomeless pronouncedas r, decreasesr o in-
creasesand are absentat high-noiselevels (! 5 mV;
lower panelsof Fig. 1). In all casesthe modulationam-
plituder;(w) goesto zeroas1//w for large w. Outsideof
theresonanceegions,thereis a phaseag in the response
[¢(w) < 0] thatapproaches-45° asw — . Thus,the
distottion in the responseelative to the input causedby
the resonancegan be eliminatedif a sufbcient amount
of unplteredwhite noise(rs ! 0) is addedto the model.
However, white noisedoesnot allow the bring rateto be
modulatedatarbitrarily highinputfrequenciesandaphase
lag is alwayspresentin the high-frequeng response.

The synapticnoisereceved by neuronsin vivo is not
white becauser; is in arangefrom a few to tensor even
hundredsof ms for biological synapsesWhenthe white
noiseis bltered, the analytic calculationsare signibcantly
more complex [13,14]. It is no longer possibleto bnd an
exact solution for the stationay probability density and
bring rate for constantinput current. However, calcula-
tionscanbedonein thelimit 7, < 7, and,in paticular,
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e brst correctionto the stationay Pring rate, of order
7s/™m, €an be computedin that limit [15]. Further-
more,the samesmallamplitudeoscillationcalculationre-
ported abore can be performedin this limit for the case
I Iy + I coqdwt).
With Pltered noise (75 > 0), the Pring rate is deter-
mined by a distribution P(y, z,t) that dependson y !

Iin

P, LoP S
ot 2 922
The bounday conditionon theliney ! v is v(z,t) !
zP(yt,2,1)/ /75T forz > 0, andP(y;,z,t) ! »(z,1) !
0 for z < 0, wherer(z,t) correspondso the probability
Bux in they directionat the voltagethreshold.The condi-
tion thatthe Bux hasto be zeroon the half line z < 0 is
relatedto thefactthatwhenaneuronbres,thetime deriva-
tive of the potentialandhencez canonly be positve. The
prescriptionof zero probability densityon a half line is
the mainfactorthat signipcantly complicateghe analysis.
The Pring rateattimett is

Z =
rt)!

dzv(z,t).

On the line y ! y;, we have z + prs/rm(yt - Vr)/
[P(yr + €,2,t) — P(yy — €,2,)]! zP(y;,z,t) for
z>0,andP(y; + €,z,t) ! P(yr — €,2,t) forz <O0.
We then write P! Py(y,z) + REP(y,z, w)e' .
When I/ly < 1, the Fokker-Planck equation can be
linearizedaroundthe stationay solufgion Py, ro. Solutions
to this equationto leadingordersin = 7/7,, canbefound
in both the low- (0 ~ 1/7,) and high- (o > 1/7)
frequeng limits. In the high-frequeng limit, we obtain

r__
(y.2),

r
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@)
Jz Tm
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T 2Py 2).

limr(w)e' @ |
The stationay distribution at threshold, Py(y;,z), can
e calculatedalong the lines of [13D15]. It is of order

7s/Tm for small r,/7,, and

- Arol, "
limr(w)e¢@ 1 2L Is (4)
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where/ is Riemani(3 zetafunction[12], and
v oty Mg+ 102
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The analytic results shav that Pltering of the noise
by the synapticdynamicsdramaticallychangeghe high-
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(V = Iy — Vws)/o and the additional synaptic current
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Thisdebnition is choserbecausé simplipesthebounday
conditionsand assureghat z hasa bnite variancein the

z!

| limit 73/mm — 0. P(y, z,t) obeys the equation
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frequeny behaior of r(w). In contrasto thewhite-noise
casef(w) now approachea bnite limit asw — o0, Fur-
thermorethehigh-frequeng limit of ¢ (w) is zerofor ary
positve 5. This meansthat the neuronalbring rate can
be modulatedby anoscillatinginput up to arbitrarily high
frequencieswithout a phaselag whenr; > 0.
Equation(4) indicatesthat the high-frequeng limit of
theresponséncreasesvith largervaluesr;, but the calcu-
lation is only valid for 7, < 7,. To explore larger values
of 7,/mm, we performed simulations of the integrate-
andbre model with Pltered white-noiseinput (Fig. 2).
The simulation results indicate that the high-frequeng
modulationamplitudecontinuesto rise as 7, is increased
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FIG. 2. Responsemplitudeand phasefor 7, > 0, and o !

5 mV. Tracesrepresensimulationresultsfor the valuesof 7

indicatedto the right of eachtracein the left panelsshaving

ri(w)/r1(0.1). Theticks on theright of all four panelsindicate
the high-frequeng limit predictedby Eq. (4). For the phase
plots (right panels),the value of 7, is the sameas for the am-
plitude traceto the left with the correspondinghickness. For

theupperandlower panelsr, ! 50 Hz and10 Hz, respectiely,

andin bothcases; ! ry. Thethick curvescorrespondo the
simulationdatain the lower two panelsof Fig. 1.
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FIG. 3. Firing ratein responseo a stepin the input current.
Histogramsshowv the bring rate r (t) of the model integrate-
andbre neuron,with 7, asindicated,to a stepof input current
at 500 ms. Firing rateswere computedby countingaction po-
tentialsin 1 ms bins.

until the high- andlow-frequeny modulationamplitudes
are roughly equal. The phaseof the responselsotends
to zeroas 7, is increased.If 7 is increasedstill further,

sothat2#ro7 is of orderl or greatertheresonancethat
wereremoved by the high-noiseconditionwhen ! 0,

return. This is dueto the Pltering of the white noisein

the frequeng range correspondingo the averagebring

rate. Note from Fig. 2 that a larger 7 value is required
to achieve an approximatelyf3at responseamplitude for

smallervaluesof ry. The analyticresultsof Eq. (4) agree
fairly well with the highestfrequeng simulations.Similar
resultswereobtainedn thelow-noisecasethatis, increas-
ing 7¢ causeda progressie Ratteningof the responseam-
plitude at high frequeng. The resonancghenomenoris

still presentn the low-noiseresults,no matterwhatvalue
of 74 is used,andthe analytic resultsof Eq. (4) are con-
siderablylessaccurateunlessry << 7.

Our study interpolatesbetweentwo previously investi-
gatedlimits. In the large 7, limit, the input model be-
comesa GlowOnoisemodel(i.e., the cutoff frequeng of
the noiseis of the sameorder of magnitudeasthe Pring
rate of the neuron),andour resultsbecomecomparabldo
that of earlierslov noisemodels[6,7]. At the other ex-
treme, with GasOwhite-noiseinput, our resultsare also
consistentwith previous resultsusing a different type of
fastnoise,escapenoise[7].

We have seenthatsynapticdynamicscanhave a signib-
cantimpacton neuronalresponseso currentinputs with
high-frequeng componentsincreasingthe synaptictime
constantof the noiseinputs enhanceghe high-frequeng
response. Figure 3 illustratesthe effect this has on the
response®f an integrate-andere neuronto an instanta-

neousstepin the input current. As 7, is increasedrom 0
to 10 ms, the responsef the neurongetsmoreandmore
rapidand,for 7 ! 10 ms,it follows the input currental-
mostinstantaneously

Analysis of neuronalresponsevariability indicatesthat
thenoisepresenin vivo roughlymatchegshehigherof the
noiselevels usedin our analysis(c ! 5 mV) [16]. Typi-
cal fast excitatory and inhibitory synapsegAMPA and
GABA, synapseshave time constantsn the rangeof 2
to 5 ms (see,e.g.,[17]), large enoughto signibcantly af-
fect responsalynamics.Interestingly 7, ! 5 msis atthe
lower range of valuesfor which an extremely rapid re-
sponseo astepof inputcurrentis obtainedFig. 3). While
increasingr; to even larger valuesfor noiseinputs might
furtherenhancehigh-frequeng responseghis would also
leadto strongerresonanc@henomenaAn interestingpos-
sibility in this regardis thatsignalchangesremainly due
to fastexcitatoly synapsesf the AMPA type,while noise
is mainly implementedthrough slover GABA synapses.
Thus,the obsened valuesof synaptictime constantsmay
be tunedto achiere both rapid and undistoted responses
to time-varying inputs.
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