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Effectsof Synaptic Noiseand Filtering on the FrequencyResponseof Spiking Neurons
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Noisecanhave a signiÞcantimpacton theresponsedynamicsof a nonlinearsystem.For neurons,the
primary sourceof noisecomesfrom backgroundsynapticinput activity. If this is approximatedaswhite
noise, the amplitudeof the modulationof the Þring rate in responseto an input currentoscillating at
frequency v decreasesas1!

p
v andlagsthe input by 45± in phase.However, if Þlteringdueto realistic

synapticdynamicsis included,the Þring rate is modulatedby a Þniteamounteven in the limit v ! `
andthephaselag is eliminated.Thus,throughits effecton noiseinputs,realisticsynapticdynamicscan
ensureunlaggedneuronalresponsesto high-frequency inputs.
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Neuronsin cortical and other neuralcircuits receive a
continuousbarrageof synapticinput that actsasa source
of noise and makes neuronalresponseshighly variable
(see,e.g.,[1]). Noiseinputscanalsoaffectotherneuronal
responsecharacteristics[2Ð7]. Knight [6] and Gerstner
[7] have shown that noisecan simplify the dynamicsof
neuronalÞring rates,and that, for sometypes of noise,
theÞringrateof a neuroncanreplicatethe time courseof
an input current,no matterhow rapidly it varies. This is
rathersurprisingbecausethe membranecapacitanceand
resistanceof a neuronactasa low-passÞlteron the input
current. While intriguing, theseresultsare not basedon
realistic modelsof the backgroundsynapticinput that a
neuronreceives,but rely insteadon simplernoisemodels.
Yet theseanalysesandthe resultsreported below make it
clearthat theresponsedynamicsaresensitive to detailsof
the noisemodel. Here, using a combinationof analytic
andcomputationaltechniques,we examinehow synaptic
input modeledafter that received by a cortical neuronin
vivoaffectstheresponsecharacteristicsof amodelneuron.

The integrate-and-Þremodel we use in this analysis
representsthe electricalproperties of the neuronby par-
allel resistor(R) andcapacitor(C) elements[8]. Thebasic
equationdeterminingthepotentialV acrossthecell mem-
braneis

tm
dV
dt

! Vrest 2 V 1 I ,

wheretm is the time constantof the RC circuit, Vrest is
the equilibrium or restingpotential in the absenceof in-
put, andI representsthe sumof all inputs to the neuron.
Action potentialsaregeneratedin themodelwhenever the
membranepotentialreachesa thresholdvalue,Vth. At this
point, the membranepotential is resetto a value Vreset.
In our analysis,the neuralresponseis speciÞedby a Þr-
ing rate r "t#, which is the probability density for action
potentialsto occur at time t. To probethe responsedy-
namicsof the integrate-and-Þremodel in the presenceof
noise,we expressthetotal currentasthesumof input and
noiseterms,I ! I in 1 Inoise, andconsiderthe caseof an

oscillatinginputcurrent,I in ! I0 1 I1 cos"vt#. Inoise rep-
resentsthecombinedeffectof largenumbersof excitatory
andinhibitory synapticinputs.Biologicalsynapsesmodify
theconductancesof their neuronaltargetsratherthansim-
ply injectingcurrent.We have performedsimulationsthat
include synapticeffectson conductanceand Þnd no ap-
preciabledifferencesfrom the resultsreported hereusing
the moreanalytically tractableapproximationof synaptic
currents.

We characterizethe Þring rateby its time average,r0,
and by the amplitudeand phaseof its Fourier transform
at the frequency v, r1"v#, and f"v#. This is equiva-
lent to approximating the Þring rate as r "t# ! r0 1
r1"v# cos$vt 1 f"v#%. Provided that r1"v# # r0, the
Þring rate is well Þt by this expression,except near the
resonancesthat occurat low noiselevels.

Knight [6] showed that, in the absenceof noise, the
Þringratesof integrate-and-Þreneuronsdisplayresonances
when v!2p is an integer multiple of r0. Thesedistort
the responseof the systemrelative to the input. Knight
alsocomputedtheÞringratefor a simpliÞednoisemodel,
basedonchoosingarandomthresholdaftereachspike,and
showedthatnoisedecreasedthesizeof, or eliminated,the
resonantpeaks.For somenoiseconditions,Knight found
that r1"v# was independentof frequency andf"v# ! 0.
Gerstner[7] obtainedrelated results in a more general
formulation.

The noiseinput we analyzeis generatedby actionpo-
tentialscarriedby thousandsof afferentÞbers,andit can
be modeledas a high-ratePoissonprocess. Becauseof
the high rate, this is well approximatedby a Gaussian
white-noisesource.Synapsestransmitinput actionpoten-
tialswith avery rapidrisetimebut aslowerexponentialde-
caywith atimeconstantts. Thishastheeffectof low-pass
Þlteringthe input noise.Thus,we write

ts
dInoise

dt
! h"t# 2 Inoise ,

whereh"t# is a Gaussianwhite-noiserandomvariablesat-
isfying &h"t#' ! 0 and&h"t#h"t 0#' ! s2d"t 2 t 0#tm. We

2186 0031-9007!01!86(10)!2186(4)$15.00 © 2001 TheAmericanPhysicalSociety



VOLUME 86, NUMBER 10 PH Y SI CA L REV I EW L ET T ERS 5 MARCH 2001

usetheparameters, which is in mV units,to characterize
the amplitudeof the noise.

Whents ! 0 (white noise),the probability densityfor
themembranepotentialof theneuronat time t, P"V , t#, is
describedby theFokker-Planckequation(see,e.g.,[9]),

tm
≠P
≠t

!
s2

2
≠2P
≠V2 1

≠

≠V
$V 2 I in"t# 2 Vrest%P . (1)

The Þring rate is proportional to the ßux ≠P"V , t#!≠V
whenan absorbingboundary condition is imposedat the
Þring thresholdVth,

r "t# ! 2
s2

2tm

≠P"V , t#
≠V

‚

V! Vth

,

with P"Vth, t# ! 0. Thisßux is returnedat theresetpoten-
tial so, in the limit e ! 0, P"Vreset 2 e, t# ! P"Vreset 1
e, t# and

≠P"V , t#
≠V

‚V! Vreset1e

V! Vreset2e
! 2

2r "t#tm

s2 .

Thetime-independentsolutionof Eq. (1) for constantinput
(I1 ! 0) hasbeenknown for a long time (see,e.g.,[10]).
More recently, methodswere introducedin [11] that can
be usedto determinethe solutionfor an oscillatinginput,
I in ! I0 1 I1 cos"vt#, whenI1!I0 is small. The resultof
this calculationis

r1"v#ei f"v# !
r0I1

s"1 1 i vtm#

3

! ≠U
≠y " yt , v# 2

≠U
≠y " yr , v#

U" yt , v# 2 U" yr , v#

!

, (2)

where yt ! "Vth 2 I0 2 Vrest#!s, yr ! "Vreset 2 I0 2
Vrest#!s, and U is given in terms of combinationsof
hypergeometricfunctions[12]

U" y, v# !
ey2

G$"1 1 i vtm#!2%
M

µ
1 2 i vtm

2
,

1
2

, 2y2
"

1
2yey2

G"i vtm!2#
M

µ
1 2

i vtm

2
,

3
2

, 2y2
"

.

(3)

Resultsof the analytic computationfor ts ! 0 are il-
lustrated in Fig. 1. Theseare exact only in the limit
I1!I0 ! 0. To explore larger I1!I0 we determinedthe
modulationamplitudeand phaseof the Þring rate of an
integrate-and-Þre neuronby computersimulation.There-
sults,shown in Fig. 1, indicatethattheanalyticexpression
holdsto a high degreeof accuracy over theentirerangeof
I1 for which theÞring rateremainsin the interval $0, 2r0%
(when the modulationbecomeslarger and the Þring rate
becomeszero in a part of the cycle the dynamicsof the
modelchangeconsiderably).
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FIG. 1. Responseamplitudeandphasefor ts ! 0. Solid lines
indicate the analytical predictions[Eq. (2)] and symbols rep-
resent simulation results. Throughout we use tm ! 20 ms,
Vth ! 254 mV, Vreset ! 260 mV, andVrest ! 274 mV. The
valueof s is indicatedin thelegendof eachpanel.For thesimu-
lations, I in was adjustedso that r 1 ! r 0 with the value of r 0
given in the legend.This correspondsto an input regime where
I 1!I 0 is no longer small. Modulation amplitudes(left panels)
arereported asr 1"v#!r 1"0.1#, i.e., normalizedto the amplitude
for 0.1 Hz.

Severalfeaturesareapparentfrom boththeanalyticand
simulationresultsfor ts ! 0. As found in [6], the am-
plitude of the responsemodulationfor low-noise levels
(s ! 1 mV; upperpanelsof Fig. 1) peaksat input fre-
quenciesthat are integer multiples of r0. The resonance
peaksbecomelesspronouncedas r0 decreasesor s in-
creasesand are absentat high-noiselevels (s ! 5 mV;
lower panelsof Fig. 1). In all cases,the modulationam-
plituder1"v# goesto zeroas1!

p
v for largev. Outsideof

theresonanceregions,thereis a phaselag in theresponse
$f"v# , 0% that approaches245± asv ! `. Thus, the
distortion in the responserelative to the input causedby
the resonancescan be eliminatedif a sufÞcient amount
of unÞlteredwhite noise(ts ! 0) is addedto the model.
However, white noisedoesnot allow the Þring rate to be
modulatedatarbitrarilyhighinputfrequencies,andaphase
lag is alwayspresentin thehigh-frequency response.

The synapticnoisereceived by neuronsin vivo is not
white becausets is in a rangefrom a few to tensor even
hundredsof ms for biological synapses.Whenthe white
noiseis Þltered,the analyticcalculationsaresigniÞcantly
morecomplex [13,14]. It is no longerpossibleto Þnd an
exact solution for the stationary probability density and
Þring rate for constantinput current. However, calcula-
tionscanbedonein the limit ts ø tm, and,in particular,
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the Þrst correctionto the stationary Þring rate, of orderp
ts!tm, can be computedin that limit [15]. Further-

more,thesamesmallamplitudeoscillationcalculationre-
ported above can be performedin this limit for the case
I in ! I0 1 I1 cos"vt#.

With Þltered noise (ts . 0), the Þring rate is deter-
mined by a distribution P" y, z, t# that dependson y !

"V 2 I0 2 Vrest#!s and the additional synapticcurrent
variable

z !
r

ts

tm

µ
Inoise 1 I1 cos"vt# 1 Vrest 2 Vth

s

"
.

ThisdeÞnition is chosenbecauseit simpliÞestheboundary
conditionsand assuresthat z hasa Þnite variancein the
limit ts!tm ! 0. P" y, z, t# obeys theequation

ts
≠P
≠t

!
1
2

≠2P
≠z2 1

≠"zP#
≠z

1

r
ts

tm

#
$ yt 2

I1

s
"""cos"vt# 2 vts sin"vt####%

≠P
≠z

2 z
≠P
≠y

¾
1

ts

tm

≠" y 2 yt #P
≠y

.

The boundary condition on the line y ! yt is n"z, t# !
zP" yt , z, t#!ptstm for z . 0, andP" yt , z, t# ! n"z, t# !
0 for z , 0, wheren"z, t# correspondsto the probability
ßux in they directionat thevoltagethreshold.Thecondi-
tion that the ßux hasto be zeroon the half line z , 0 is
relatedto thefactthatwhenaneuronÞres,thetimederiva-
tive of thepotentialandhencez canonly bepositive. The
prescriptionof zero probability densityon a half line is
themainfactorthatsigniÞcantlycomplicatestheanalysis.
The Þring rateat time t is

r "t# !
Z `

2`
dz n"z, t# .

On the line y ! yr , we have z 1
p

ts!tm " yt 2 yr #!
$P" yr 1 e, z, t# 2 P" yr 2 e, z, t#% ! zP" yt , z, t# for
z . 0, andP" yr 1 e, z, t# ! P" yr 2 e, z, t# for z , 0.
We then write P ! P0" y, z# 1 Re$P1" y, z, v#ei vt %.
When I1!I0 ø 1, the Fokker-Planck equation can be
linearizedaroundthestationary solutionP0, r0. Solutions
to this equationto leadingordersin

p
ts!tm canbefound

in both the low- (v ( 1!tm) and high- (v ¿ 1!ts)
frequency limits. In thehigh-frequency limit, we obtain

lim
v!`

P1" y, z, v# ! 2
I1

s

r
ts

tm

≠P0

≠z
" y, z# ,

and

lim
v!`

r1"v#ei f"v# !
I1

stm

Z `

2`
dz P0" yt , z# .

The stationary distribution at threshold, P0" yt , z#, can
be calculatedalong the lines of [13Ð15]. It is of orderp

ts!tm for small ts!tm, and

lim
v!`

r1"v#ei f"v# !
Ar0I1

s

r
ts

tm
, (4)

where

A !
p

2
‚
z

µ
1
2

"‚
2

1p
2

X

n

N"
p

n#n"n21#!2e2n!2

n!
) 1.3238 ,

wherez is RiemannÕs zetafunction [12], and

N"
p

n# !
Ỳ

k! 1

µ
1 1

r
n
k

"
e22

p
n"
p

k2
p

k21#
µ

k 1 1
k

" n!2

.

The analytic results show that Þltering of the noise
by the synapticdynamicsdramaticallychangesthe high-

frequency behavior of r1"v#. In contrastto thewhite-noise
case,r1"v# now approachesa Þnite limit asv ! `. Fur-
thermore,thehigh-frequency limit of f"v# is zerofor any
positive ts. This meansthat the neuronalÞring rate can
bemodulatedby anoscillatinginput up to arbitrarily high
frequencieswithout a phaselag whents . 0.

Equation(4) indicatesthat the high-frequency limit of
theresponseincreaseswith largervaluests, but thecalcu-
lation is only valid for ts ø tm. To explore largervalues
of ts!tm, we performed simulations of the integrate-
and-Þre model with Þltered white-noise input (Fig. 2).
The simulation results indicate that the high-frequency
modulationamplitudecontinuesto rise asts is increased
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FIG. 2. Responseamplitudeand phasefor ts . 0, and s !
5 mV. Tracesrepresentsimulationresultsfor the valuesof ts
indicatedto the right of eachtrace in the left panelsshowing
r 1"v#!r 1"0.1#. The ticks on the right of all four panelsindicate
the high-frequency limit predictedby Eq. (4). For the phase
plots (right panels),the value of ts is the sameas for the am-
plitude traceto the left with the correspondingthickness. For
theupperandlower panelsr 0 ! 50 Hz and10 Hz, respectively,
and in both casesr 1 ! r 0. The thick curves correspondto the
simulationdatain the lower two panelsof Fig. 1.
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FIG. 3. Firing rate in responseto a stepin the input current.
Histogramsshow the Þring rate r "t# of the model integrate-
and-Þre neuron,with ts as indicated,to a stepof input current
at 500 ms. Firing rateswere computedby countingactionpo-
tentials in 1 ms bins.

until the high- and low-frequency modulationamplitudes
are roughly equal. The phaseof the responsealso tends
to zeroasts is increased.If ts is increasedstill further,
sothat2pr0ts is of order1 or greater, theresonancesthat
were removed by the high-noiseconditionwhents ! 0,
return. This is due to the Þltering of the white noise in
the frequency rangecorrespondingto the averageÞring
rate. Note from Fig. 2 that a larger ts value is required
to achieve an approximatelyßat responseamplitudefor
smallervaluesof r0. Theanalyticresultsof Eq. (4) agree
fairly well with thehighestfrequency simulations.Similar
resultswereobtainedin thelow-noisecase,thatis, increas-
ing ts causeda progressive ßatteningof the responseam-
plitude at high frequency. The resonancephenomenonis
still presentin the low-noiseresults,no matterwhatvalue
of ts is used,and the analytic resultsof Eq. (4) arecon-
siderablylessaccurateunlessts ø tm.

Our study interpolatesbetweentwo previously investi-
gatedlimits. In the large ts limit, the input model be-
comesa ÒslowÓnoisemodel(i.e., the cutoff frequency of
the noiseis of the sameorderof magnitudeas the Þring
rateof theneuron),andour resultsbecomecomparableto
that of earlier slow noisemodels[6,7]. At the other ex-
treme,with ÒfastÓwhite-noiseinput, our resultsare also
consistentwith previous resultsusing a different type of
fastnoise,escapenoise[7].

We have seenthatsynapticdynamicscanhave a signiÞ-
cant impacton neuronalresponsesto currentinputswith
high-frequency components.Increasingthe synaptictime
constantof the noiseinputsenhancesthe high-frequency
response. Figure3 illustratesthe effect this has on the
responsesof an integrate-and-Þre neuronto an instanta-

neousstepin the input current.As ts is increasedfrom 0
to 10 ms, the responseof the neurongetsmoreandmore
rapidand,for ts ! 10 ms, it follows the input currental-
most instantaneously.

Analysisof neuronalresponsevariability indicatesthat
thenoisepresentin vivo roughlymatchesthehigherof the
noiselevelsusedin our analysis(s ! 5 mV) [16]. Typi-
cal fast excitatory and inhibitory synapses(AMPA and
GABAA synapses)have time constantsin the rangeof 2
to 5 ms (see,e.g., [17]), large enoughto signiÞcantly af-
fect responsedynamics.Interestingly, ts ! 5 msis at the
lower rangeof valuesfor which an extremely rapid re-
sponseto astepof inputcurrentis obtained(Fig. 3). While
increasingts to even larger valuesfor noiseinputsmight
furtherenhancehigh-frequency responses,this would also
leadto strongerresonancephenomena.An interestingpos-
sibility in this regardis thatsignalchangesaremainly due
to fastexcitatory synapsesof theAMPA type,while noise
is mainly implementedthroughslower GABA synapses.
Thus,theobservedvaluesof synaptictime constantsmay
be tunedto achieve both rapid andundistorted responses
to time-varying inputs.
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